Abstract While clusters of galaxies are considered one of the most important cosmological probes, the standard spherical modelling of the dark matter and the intracluster medium is only a rough approximation. Indeed, it is well established both theoretically and observationally that galaxy clusters are much better approximated as triaxial ob-
jects. However, investigating the asphericity of galaxy clusters is still in its infancy. We review here this topic which is currently gathering a growing interest from the cluster community. We begin by introducing the triaxial geometry. Then we discuss the topic of deprojection and demonstrate the need for combining different probes of the cluster's potential. We discuss the different works that have been addressing these issues. We present a general parametric framework intended to simultaneously fit complementary data sets (X-ray, Sunyaev Zel'dovich and lensing data). We discuss in details the case of Abell 1689 to show how different models/data sets lead to different haloe parameters. We present the results obtained from fitting a 3D NFW model to X-ray, SZ, and lensing data for 4 strong lensing clusters. We argue that a triaxial model generally allows to lower the inferred value of the concentration parameter compared to a spherical analysis. This may alleviate tensions regarding, e.g. the over-concentration problem. However, we stress that predictions from numerical simulations rely on a spherical analysis of triaxial halos. Given that triaxial analysis will have a growing importance in the observational side, we advocate the need for simulations to be analysed in the very same way, allowing reliable and meaningful comparisons. Besides, methods intended to derive the three dimensional shape of galaxy clusters should be extensively tested on simulated multi-wavelength observations.
Keywords Cosmology · Galaxy Clusters · Triaxiality · Gravitational Lensing · X-rays · Sunyaev Zel'dovich 1 Three-Dimensional Shape of Galaxy Clusters Spectroscopic galaxy redshift surveys and numerical N-body simulations have revealed a large scale distribution of matter in the Universe featuring a complex network of interconnected filamentary galaxy associations. Vertices, i.e. intersections among the filaments, correspond to the very dense compact nodes within this cosmic web where one can find massive galaxy clusters.
In this review, we concentrate on the shape of galaxy clusters.
Galaxy Clusters are not Spherical
There is much observational evidence for clusters not being spherical objects, from the non-circular projection of various probes: optical, from the density maps of cluster galaxies (Carter and Metcalfe 1980; Binggeli 1982) ; X-ray, from the surface brightness maps (Fabricant et al. 1984; Canizares 1992, 1996; Kawahara 2010; Lau et al. 2012) ; Sunyaev Zel'dovich pressure maps (Sayers et al. 2011a) ; strong gravitational lensing (Soucail et al. 1987) , and weak gravitational lensing (Evans and Bridle 2009; . Recently, the azimuthal variation of galaxy kinematics has been detected for the first time in a stacked sample of 1 743 galaxy clusters from the SDSS . They find that the line of sight velocity dispersion of galaxies lying along the major axis of the central galaxy is larger than those that lie along the minor axis. This detection provides further evidence for the asphericity of galaxy clusters. On the numerical side, haloes forming in cosmological simulations have been found to be triaxial in shape, with a preference for prolateness over oblateness (Frenk et al. 1988; Dubinski and Carlberg 1991; Warren et al. 1992; Cole and Lacey 1996; Jing and Suto 2002; Hopkins et al. 2005; Bailin and Steinmetz 2005; Kasun and Evrard 2005; Paz et al. 2006a ; Allgood et al. 2006; Muñoz-Cuartas et al. 2011; Gao et al. 2012 ). These simulations also predict an evolution of the shape with mass and redshift: low mass haloes appear more spherical than high mass haloes (see, however, an opposite conclusion by Rossi et al. 2011) , and for a given mass, lower redshift haloes are more spherical than high redshift haloes.
However, more than forty years after the first observational evidence of the asphericity of galaxy clusters, the majority of cluster studies use the spherical assumption. Historically, this was due to the fact that the quality of the data may not allow a triaxial model to be constrained. Besides, studies often rely on the analyses of a single data set (e.g. lensing, X-ray, SZ or dynamics of cluster members only), while to recover triaxiality one needs to combine data sets, unless some priors are used (see Section 2).
Besides the expectation for triaxial collapse coming from first principles (see Section 1.2), another hint regarding the need for non-spherical models is the mass discrepancy found between, e.g. lensing and X-ray data when spherical symmetry is assumed (Piffaretti et al. 2003; Clowe et al. 2004; Gavazzi 2005; Corless and King 2007 ).
Triaxiality: a Consequence of Gravitational Collapse for an Initial Gaussian Random Field of Density Fluctuations
Interestingly, triaxial collapse is a straightforward prediction of structure growth driven by self-gravity of Gaussian density fluctuations. Well into the mildly non-linear regime, gravitational structure formation can be described by the Zel'dovich approximation, which models the motion of dark-matter particles as inertial motion in a suitably adapted time coordinate. This assumption defines a map between initial, Lagrangian, and final, Eulerian coordinates of any particle. The Jacobian of this map is called the Zel'dovich deformation tensor, here abbreviated as F . The matter density is then simply given by the inverse determinant of F , times the initial density.
Under the (reasonable) assumption of an initially irrotational flow, a velocity potential ψ exists in Lagrangian space whose gradient is the Lagrangian velocity field. The Zel'dovich deformation tensor can be represented by the unit matrix plus the Hessian (curvature) matrix of the velocity potential,
It is thus symmetric and has three real eigenvalues (1 + λ i ), i = 1, 2, 3. Since determinants are invariant under orthogonal transforms, the inverse determinant of the Zel'dovich tensor is
Collapse will set in according to the Zel'dovich approximation whenever any of the eigenvalues λ i approaches −1. If all eigenvalues λ i were the same, collapse was spherical; if they were all different, collapse was triaxial. It was shown already by Doroshkevich (1970) that the probability distribution for the λ i in a Gaussian random field is proportional to the product of absolute differences
for any pair i, j with j = i. This means that equal eigenvalues are not allowed in a Gaussian random field, thus excluding spherical and even spheroidal collapse: in any realistic triple of eigenvalues, no pair of them can be equal. Collapse will proceed first along the principal axis belonging to the largest eigenvalue, forming the sheet-like structures called 'pancakes' by Zel'dovich. Those will then contract along the principal axis of the second-largest eigenvalue, forming essentially one-dimensional bridges of matter that finally shrink to triaxial haloes along their remaining axis. This inherent and necessary triaxiality of the mildly non-linear collapse is retained through the nonlinear collapse of the haloes which is stopped by virialization.
Triaxiality: an Outgrowth of the Large Scale Structure Formation Scenario
The standard cosmological framework (ΛCDM), which consists of a cosmological constant and cold dark matter (DM) with Gaussian initial conditions, envisages structure formation as a hierarchical merging process. With this perspective, gravity is constantly pulling lumps of matter together to form increasingly larger structures. The structures we see in the Universe today (galaxies, clusters, filaments, sheets and voids) are predicted to have formed in this way, with galaxy clusters sitting atop this hierarchy and being the largest virialized structures that have had time to collapse under the influence of their own gravity. In particular, being a tracer of the primordial density perturbations, this large scale structure scenario leads to a picture where the matter is distributed as a network of gigantic dense (filaments) and empty (voids) regions, creating a vast foam-like structure called the "cosmic web", with the densest regions of the dark matter cosmic web hosting massive clusters of galaxies. Numerical simulations, in agreement with analytic predictions, indicate that the infall of material into the most massive dark matter haloes is not spherical but is expected to be preferentially funnelled through the filaments where the haloes are embedded. The cluster mass haloes would indeed acquire most of their mass from major mergers along the filaments, hence leading to an alignment between the major axis of the host haloe and the large-scale filament (Bailin and Steinmetz 2005; Altay et al. 2006; Patiri et al. 2006; Aragón-Calvo et al. 2007; Brunino et al. 2007 ). Clusters would then relax from this chaotic initial state to a quasi-equilibrium via violent relaxation. This process leads to equilibrium which is plausibly related to bounded triaxial DM distribution with a 'universal' density structure, regardless of haloe mass, of cosmological parameters, and of the initial fluctuation spectrum. Therefore, triaxiality appears to be a direct outgrowth of the large scale structure formation scenario, providing a record of the initial conditions in the Universe and of the topology of the cosmic structures.
2 From 2D Observables to a 3D Mass Model: Deprojection
An Under-Constrained Problem
The problem of deprojection is typically under-constrained: we have access to 2D projected informations (X-ray surface brightness maps, or lensing mass density maps) and aim to derive the 3D properties of the triaxial structure.
As an example, let's consider gravitational lensing observations. Fitting triaxial models with lensing data only is an intrinsically under-constrained problem, since lens-ing can never give full information about the 3D triaxial structure: it is constraining only the 2D projected mass density. This translates into much larger error bars on the parameters of a triaxial haloe constrained using lensing observations alone. These error bars fairly represent the true extent of our limited knowledge of the structure of galaxy cluster lenses, and make clear the importance of combining constraints from other theoretical or other observational data in order to narrow down the parameter space of a more realistic triaxial model.
The first attempts to determine three dimensional morphologies were based on statistical approaches consisting in the inversion of the distribution of apparent shapes. Hubble (1926) first determined the relative frequencies with which galaxies of a given intrinsic ellipticity, oriented at random, are observed as having various apparent projected ellipticities. Several following studies have then applied similar methods to different classes of astronomical objects (Noerdlinger 1979; Binggeli 1980; Binney and de Vaucouleurs 1981; Fasano and Vio 1991; de Theije et al. 1995; Mohr et al. 1995; Basilakos et al. 2000; Cooray 2000; Thakur and Chakraborty 2001; Alam and Ryden 2002; Ryden 1996; Plionis et al. 2004; Paz et al. 2006b ). With the exception of disc galaxies, prolate-like shapes appear to dominate all cosmic structure on a large scale.
Combining Data Sets
We will consider three different types of data sets: gravitational lensing (both weak and strong), X-ray emission, and the thermal SZ effect. For details on these different data sets, we refer the reader to the other reviews published in this volume.
When combining X-ray and SZ data sets, the idea is that one can infer the 3D properties of a cluster by taking advantage of the different dependences of the X-ray and SZ signals on the gas density and temperature: the SZ effect is proportional to the electron pressure integrated along the line of sight, whereas the X-ray surface brightness is proportional to the integral along the line of sight of the square of the electron density. Besides, gravitational lensing provides a direct probe of the two dimensional mass distribution projected along the line of sight.
Combining complementary data sets to reconstruct the three dimensional properties of galaxy clusters is not a new idea, and different authors have proposed different approaches.
Theoretical Studies
We review here the works that have developed methods which have been tested on simulated data sets only. Zaroubi et al. (1998) proposed a non parametric deprojection method specifically designed for the deprojection of X-ray, SZ and lensing maps of galaxy clusters, under the assumption of axial symmetry of the cluster. This method was first applied to a simple analytic model for cluster dark matter and gas distributions, then it was tested on cosmological hydrodynamical simulations of galaxy clusters (Zaroubi et al. 2001) . The authors found a good agreement between the actual (simulated) and reconstructed three-dimensional properties.
Some studies proposed a non parametric deprojection method based on Abel's integrals. This inversion is applied on SZ and X-ray data in order to infer temperature and density profiles of the ICM. Silk and White (1978) were the first to propose to apply the Abel inversion to the X-ray and SZ profiles, but their approach was limited to the estimation of the central values of gas density and temperature aiming at the determination of cosmological parameters. More recently, Yoshikawa and Suto (1999) used this technique for a non parametric reconstruction of radial density and temperature profiles using analytical and simulated cluster models. This method assumes spherical symmetry, and Yoshikawa and Suto (1999) mention the inclusion of non-spherical effects as an important next step.
Reblinsky (2000) developed a non parametric algorithm for the simultaneous deprojection of X-ray, weak lensing, and SZ data. They specify a geometrical model for the cluster assuming axial symmetry. Using gas-dynamical simulations, they demonstrated the quality of the deprojections.
Later, Puchwein and Bartelmann (2006) proposed a method based on RichardsonLucy deconvolution to reconstruct the three-dimensional gas density and temperature distributions in galaxy clusters from combined X-ray and SZ observations. They tested their algorithm against synthetic observations using both analytically and fully numerically simulated clusters. They found that their method reconstructs the gas density and temperature distributions accurately in three-dimensions, even if observational noise is present. Additionally, they discussed a method to constrain the cluster inclination along the line of sight using X-ray temperature maps. They came to the conclusion that the method allows to reach a level of accuracy of ∼ 15%. Fox and Pen (2002) considered the problem of deprojecting aspherical clusters. They first constructed a parametrised 3D axisymmetric cluster model, and determined the 3D cluster shapes using a χ 2 fitting between the model predictions and the simulated data. Marshall et al. (2003) presented a Bayesian joint analysis of cluster weak lensing and SZ data, assuming spherical symmetry. This methodology was applied to two sets of simulated SZ and weak lensing data sets. Lee and Suto (2004) considered a deprojection method combining SZ and X-ray data and applied it to analytical cluster models, considering triaxial haloes with constant axis ratios. Ameglio et al. (2007 Ameglio et al. ( , 2009 ) presented deprojection methods (parametric as well as non parametric) in order to recover the three dimensional density and temperature profiles by combining SZ and X-ray surface brightness maps, assuming the cluster to be spherically symmetric. They apply their techniques to a set of hydrodynamical simulations of galaxy clusters in order to estimate the biases and scatters on the recovered masses. Allison et al. (2011) proposed a parametrised spherical model of the intracluster medium aimed for jointly analysing SZ and X-ray data. This entropy based model which relies on the assumption of hydrostatic equilibrium is tested against mock observations of clusters from N-body/hydrodynamic simulations. Samsing et al. (2012) presented a novel method for measuring a radially dependent shape along the line of sight of the ICM from the X-ray observations only. The method hinges on the assumption that the shapes, temperature and density profiles can be described by parametrised functions. This model generates fake spectra to be compared with the observed spectral information. A clear advantage of this approach is that it does not require any combination with independent measurements of e.g. the cluster mass or density profile. The major downside for the current observations is that it requires data of impressively high quality (∼ 10 6 photons) to get a 5σ detection of the shape.
Observational Studies
As seen before, from their different dependencies on the density, combining X-ray and SZ allows us to directly infer the elongation of the gas distribution. No assumption is needed about hydrostatic equilibrium. The method exploits X-ray spectroscopic and photometric data plus measurements of the Sunyaev-Zel'dovich effect. One needs to deproject the X-ray and SZ data. Both data sets are supposed to trace the same temperature (remember that SZ gives a mass weighted temperature, unlike X-ray), and one assumes that no clumpiness and no contamination from structures along the line of sight might bias the SZ data. The gas distribution is modelled with an ellipsoidal parametric profile which can fit the observed X-ray surface-brightness and temperature.
Comparison with the SZ amplitude fixes the elongation along the line of sight e ∆ . For an isothermal plasma (De Filippis et al. 2005) ,
where D d is the angular diameter distance to the cluster, SB is the surface brightness, ∆T SZ the SZ temperature decrement, T the temperature, and Λ X the emissivity. Finally, Bayesian inference allows us to deproject the measured elongation and the projected ellipticity measured in the plane of the sky, in order to constrain the intrinsic shape and orientation of the cluster. This approach was first employed in De Filippis et al. (2005) , who considered a sample of 25 X-ray luminous clusters. They used parametric ellipsoidal profiles of constant eccentricities aligned along the line of sight, assuming an isothermal beta model parametrisation for the ICM. They found that the spherical hypothesis is strongly rejected for most of the 25 clusters of the X-ray selected sample studied. Considering the same data but assuming axial symmetry, Sereno et al. (2006) showed that this sample is composed of a mixed population of prolate and oblate haloes, with prolate shapes preferred in ∼ 60-76% of the cases. They observe an excess of clusters elongated along the line of sight, with respect to what is expected from a randomly oriented cluster population. They claim that a more general triaxial morphology might better describe the morphology of these clusters. Both studies acknowledged that adding gravitational lensing data would help further to constrain the shape. Indeed elongation strongly enters in the lensing properties of a haloe. Therefore gravitational lensing features brings information on the elongation of the total matter distribution. Mahdavi et al. (2007) provided a framework for the joint analysis of cluster observations (JACO) which fits the mass models simultaneously to X-ray, SZ, and weak lensing data. They applied this method to Abell 478, assuming spherical symmetry. They do find a good agreement between all data sets, which points out that the spherical symmetry hypothesis was well motivated in the case of Abell 478.
However, we stress that it can be questionable to combine different data sets assuming spherical symmetry: if a given galaxy cluster exhibits a significant mass discrepancy between X-ray and lensing estimates assuming spherical symmetry, then a simultaneous fit of both data sets using a spherical model is not appropriate.
The non parametric method based on Abel's integral discussed in the previous Section has been applied to some clusters in order to study the temperature and density profiles of the ICM, assuming spherical symmetry: Yuan et al. (2008) and Kitayama et al. (2004) for RXJ 1347; Nord et al. (2009 ) for Abell 2163 and Basu et al. (2010) for Abell 2204.
Recently, Mahdavi and Chang (2011) derived a model-independent expression for the minimum line of sight extent of the hot plasma in a cluster of galaxies. No a priori assumptions regarding equilibrium or geometry are required, and the inputs are Xray and SZ data. They applied this method to the Bullet Cluster, and constrained a minimum line of sight / plane of the sky axial ratio of ∼ 1.
In deprojecting, assumptions regarding the three-dimensional structure of the DM or the ICM are often required, as well as the assumption regarding hydrostatic equilibrium. Although these assumptions could be justified in relaxed and uni-modal clusters (i.e. clusters for which the mass distribution can be described using a single mass clump), they are likely to be too strong for the vast majority of the systems. Indeed, numerical simulations often show that clusters deviate systematically from hydrostatic equilibrium, especially at large radii (R > R 500 ). The main interpretation for this result is that clusters, being relatively young structures, are dynamically active and continue to accrete mass from their outskirts. Bulk motions of the gas lead to non-thermal pressure support and thus alter the state of hydrostatic equilibrium (Piffaretti and Valdarnini 2008; Lau et al. 2009 ). In fact, as shown by Rasia et al. (2006) , X-ray mass estimates of simulated clusters based on the hydrostatic equilibrium assumptions are biased low by 10 − 15%. The bias is however dependent on the gas physics implemented in the simulation. For example, Rasia et al. (2012) find that the bias is sensitive to the model assumed to include thermal conduction in hydrodynamical simulations. Observational results by the CCCP and the LoCuss collaborations (e.g. Mahdavi et al. 2008; Zhang et al. 2010) , based on the comparison between X-ray and lensing masses of large samples of clusters, seem to support the view emerging from the simulations: if we believe that the lensing masses are nearly un-biased on average (Meneghetti et al. 2010a) , the ratio between X-ray and lensing masses should give an indication of the lack of hydrostatic equilibrium in these systems. From the above mentioned observational projects, it emerges that X-ray masses are generally smaller than the lensing masses by ∼ 15%.
Priors
Besides combining different observational data sets and performing a simultaneous fit of a triaxial mass model, it is also possible to consider well motivated priors in order to narrow down the parameter space that will be explored when performing the fit. We refer the reader to Corless and King (2008) and Corless et al. (2009) for a thorough discussion. Use of priors applies when the fit is performed on a single given data set or when the fit is applied to complementary data sets. Of course, the fewer data sets one is using and/or the poorer the quality of these data sets, the more one relies on priors. Priors sometimes rely on the results from N-body simulations which reasonably capture the physics of the DM, being dominated by the gravity and hence relatively simple. However, predictions are coming from dissipationless N-body simulations, and the physics of baryons may modify predictions, specially in the inner part of galaxy clusters where most of the baryons are found.
For example, Corless and King (2008) presented a Bayesian MCMC (Monte Carlo Markov Chain) method to fit fully triaxial NFW haloes to weak lensing data. Their method allows to combine weak lensing data with prior probability functions on the model haloe parameters to return parameter and error estimates that reflect the true uncertainties of the problem.
A similar approach has been proposed by Mauro Sereno and collaborators (Sereno and Umetsu 2011; Sereno and Zitrin 2012) . Using weak and strong lensing data sets, they deprojected the surface density maps to infer the triaxial structure of the cluster. Priors were propagated through the inversion by means of the Bayes theorem. The method proceeds as follows. As a first step, they obtain the surface mass density of a galaxy cluster by strong-lensing modelling of multiple images or/and weak lensing analysis of shear and magnification. As a second step, a projected ellipsoidal NFW haloe with arbitrary orientation is fitted to the convergence map. Finally, the measured distributions of projected parameters are recovered using Bayesian statistics.
Given the measured convergence map k obs , the weak lensing χ 2 WL function can be expressed as (Oguri et al. 2005) ,
where V −1 is the inverse of the pixel-pixel covariance matrix. The corresponding likelihood is L WL ∝ exp(−χ 2 WL /2). As far as strong lensing is concerned, one can use either a parametric or a nonparametric approach in order to retrieve the surface mass density map.
The final likelihood to be employed in the Bayes' theorem is then L(κs, rs P , ǫ, θǫ), where κs, rs P , ǫ, θǫ corresponds to the lensing strength, the projected length scale, the projected ellipticity and the ellipticity in the plane of the sky of an ellipsoidal NFW haloe respectively. Each projected parameter is on turn a function of the intrinsic shape and orientation. According to the relevant data-set, the likelihood is L WL , L SL or L All ∝ L WL × L SL for weak, strong or combined strong plus weak lensing analyses, respectively.
We emphasise that strong lensing clusters are typically more elliptical in the core than in the weak lensing probed region (see, e.g Meneghetti et al. 2010a ). This may have important consequences when the likelihoods are combined.
Priors on the Axis Ratio
Using a spherical mass model is equivalent to putting δ-function priors on both axis ratios, which is a strong prior. The opposite would be to impose a weak flat prior on both axis ratios.
A prior on the axis ratio of a triaxial model has been used in recent works by Mauro Sereno and collaborators. It is detailed below. We note that Oguri et al. (2005) were the first to use this prior.
The distribution of minor to major axis ratios (η DM,a ) can be approximated as (Jing and Suto 2002; Lee et al. 2005) ,
where the parameters of these distributions were obtained from numerical simulations: ηµ = 0.54, σs = 0.113 and
with M * the characteristic nonlinear mass at redshift z and M vir the virial mass. The conditional probability for intermediate to major axis ratio η DM,b goes as
, whereas is null otherwise. The distribution of axial ratios of the lensing population mimics that of the total cluster population (Hennawi et al. 2007 ).
As prior for the intrinsic shape, we consider a flat distribution for the axial ratios in the range η min < η DM,a ≤ 1 and η DM,a ≤ η DM,b ≤ 1. Probabilities are defined such that the marginalised probability P (η DM,a ) and the conditional probability P (η DM,b |η DM,a ) are constant. The probabilities can then be expressed as
for the full range η min < η DM,a ≤ 1 and
for η DM,b ≥ η DM,a and zero otherwise. The resulting probability for η DM,b is then
A flat distribution allows also for very triaxial clusters (η DM,a ≤ η DM,b ≪ 1), which are preferentially excluded by N -body simulations. Therefore, η min is fixed to 0.1.
Strong Lensing Clusters
Different authors, based on simulations (Hennawi et al. 2007; Corless and King 2007; Oguri and Blandford 2009; Meneghetti et al. 2010a ), investigated to which degree strong lensing (SL) clusters constitute a biased population of galaxy clusters. Hennawi et al. (2007) found that strong lensing clusters have 3D concentrations 18% higher than the typical cluster with similar mass. Besides, strong lensing clusters are found to be triaxial and viewed preferentially along their major axis. Therefore, we expect an additional bias to exist in the distribution of 2D concentrations (the quantity to which lensing is sensitive to). Indeed, Hennawi et al. (2007) found that they have 2D concentrations which are 34% higher than the typical cluster. The bias in concentration of strong lensing clusters may be even higher than the 18% found by Hennawi et al. (2007) . Meneghetti et al. (2010a) showed that the strongest gravitational lenses (i.e. characterised by large lensing cross sections) are typically affected by much larger concentration bias (up to 100%). The bias also depends on the cluster redshift, being stronger at those redshifts that are least favourable for strong lensing. Indeed, at these redshifts, only clusters very elongated along the line of sight seem able to produce strong lensing events.
It is now well established that strong lensing clusters constitute a biased population of triaxial haloes whose major axis is preferentially aligned with the line of sight, boosting the lensing efficiency. Therefore, when studying galaxy clusters presenting strong lensing features, using a prior on the angle between its major axis and the line of sight is reasonable and has been used in a number of studies (e.g. Corless et al. 2009; Sereno and Umetsu 2011; Sereno and Zitrin 2012) .
If θ represents the angle between the major axis of the haloe and our line of sight, this orientation bias can be expressed as:
A value of σ θ = 0.115 can be representative of the orientation bias for massive strong lensing clusters (Corless et al. 2009 ).
Apart from this strong orientation bias, it is worth noting that strong lensing clusters do not exhibit a significant excess of triaxiality and display nearly the same distribution of axis ratios as the total cluster population (Hennawi et al. 2007; Meneghetti et al. 2010a) .
Having mentioned the existence of this orientation bias, it is worth noting that SL clusters do not constitute an homogeneous population: all SL clusters are not triaxial haloes with their major axes pointing right at us. Actually, observing deep enough at any X-ray luminous cluster, it is very likely that SL features will be detected. As mentionned by Meneghetti et al. (2010a) , the orientation bias is a growing function of the lensing cross section. Large Einstein radii clusters will tend to be more biased in their orientation compared to smaller Einstein radii clusters. For example, in the sample of 7 strong lensing clusters studied by Newman et al. (2012a) , only 1 appears to present an orientation bias. These clusters have Einstein radii of order ∼ 20 ′′ . Another way to 'boost' the lensing efficiency is through merger. Indeed, mergers provide an efficient mechanism to substantially increase the strong lensing efficiency of individual clusters . Therefore, both merging and elongated clusters along the line of sight are overrepresented in strong lensing cluster samples. In most cases, the optical properties should be able to disentangle both populations.
Priors from the Mass-Concentration Relation
N -body simulations (Oguri and Blandford 2009; Macciò et al. 2008; Gao et al. 2008; Duffy et al. 2008; Prada et al. 2012 ) have provided a picture of the expected properties of dark matter haloes. Results may depend on parameters such as the overall normalisation of the power spectrum, the mass resolution, and the simulation volume. The dependence of haloe concentration on mass and redshift can be adequately described by a power law,
As reference, we follow Duffy et al. (2008) , who used the cosmological parameters from WMAP5 and found {A, B, C} = {5.71±0.12, −0.084±0.006, −0.47±0.04} for a pivotal mass M pivot = 2×10 12 M ⊙ /h in the redshift range 0−2 for their full sample of clusters.
The scatter in the concentration about the median c(M ) relation is lognormal,
with a dispersion σ(log 10 c 200 ) = 0.15 for a full sample of clusters (Duffy et al. 2008) . Recently, Prada et al. (2012) claimed that the dependence of concentration on haloe mass and its evolution can be obtained from the root-mean-square fluctuation amplitude of the linear density field. They noticed a flattening and upturn of the relation with increasing mass and estimated concentrations for galaxy clusters substantially larger than results reported in Eq. (13). However, more recently, Ludlow et al. (2012) studied how the dynamical state of dark matter haloes affects the relation between mass and concentration. When considering only dynamically relaxed haloes, they find that the aforementioned upturn disappears. Finally, Meneghetti & Rasia (submitted) show that the high amplitude and the upturn of the Prada et al. (2012) mass-concentration relation can be explained in terms of: i) the different method (compared to other works in the literature) to measure the concentration (from the measured circular velocity) and ii) the different selection applied to haloes for building the mass-concentration relation (clusters are selected by maximum circular velocity). In the literature, there is no consensus on the evolution of the c(M ) relation with redshift, in particular for massive haloes. While several authors predict a strong redshift evolution of the concentrations at all mass scales (see, e.g. Bullock et al. 2001; Eke et al. 2001) , Zhao et al. (2003) find that the evolution of the concentration of individual haloes is not just a function of redshift but is tightly connected to their mass growth rate (see also Wechsler et al. 2002) . In particular, the faster the mass grows, the slower the concentration increases. Since most of the massive haloes are in a fast mass accretion phase at high redshift, they find that the cluster c(M ) relation has a very slow redshift evolution. Similar results were found recently by Muñoz-Cuartas et al. (2011) , who confirm that the growth rate of the concentration depends on the haloe mass, with low-mass haloes experiencing a faster concentration evolution. These authors also find that the evolution of the c(M ) relation is faster at lower redshifts than at higher redshifts.
On the Choice of Priors
The choice of priors used on the parameters of a triaxial model is very important because of the inherently under-constrained nature of the problem. This choice should be carefully made with respect to the particular problem at hand. For example, if one wants to test the mass-concentration relation predicted by the ΛCDM scenario, adopting a prior based on that relation would not be relevant. On the other hand, if one aims to model a sample of dark matter haloes to calculate a mass function, a loose mass-concentration prior may be appropriate in order to take into account existing knowledge of the cluster and group population into the model. The work by Corless et al. (2009) further illustrates this point: their weak lensing analysis of Abell 2204 is able to constrain the ellipticity in the plane of the sky, which is found to be slightly larger than what is found statistically in ΛCDM simulations. Therefore, imposing a prior on the axis ratio derived from simulations for this cluster suppresses real information and is not appropriate. This highlights the fact that a prior may be well adapted to determine the statistics of a large population of dark matter haloes, but it may not be relevant for an individual cluster.
When considering priors within a Bayesian framework, one can compute the Bayesian evidence with or without the prior and see which hypothesis performs better. It is worth noting that, the better the data, the lesser the impact of priors in Bayesian methods.
Three-Dimensional Structure of Galaxy Clusters: Triaxiality
We present in this Section a general parametric framework intended to simultaneously fit X-ray, SZ, and gravitational lensing (both weak and strong) data sets. It is based on the works published by Andrea Morandi and collaborators. More detail can be found in the relevant publications (Morandi et al. 2010 (Morandi et al. , 2011a Morandi and Limousin 2012; Morandi et al. 2012b) .
The lensing effects and the X-ray/SZ emission both depend on the properties of the DM gravitational potential well, the former being a direct probe of the twodimensional mass map via the lensing equation and the latter an indirect proxy of the three-dimensional mass profile through the hydrostatic equilibrium (HE) equation applied to the gas temperature and density. In order to infer the model parameters of both the IC gas and of the underlying DM density profile, we perform a joint analysis of lensing and X-ray/SZ data. We briefly outline the methodology in order to infer physical properties in triaxial galaxy clusters:
-We start with a generalised Navarro, Frenk and White (gNFW) triaxial model of the DM as described in Jing and Suto (2002) , which is representative of the total underlying mass distribution and depends on a few parameters to be determined, namely the concentration parameter c 200 , the scale radius Rs, the inner slope of the DM γ , the two axis ratios (η DM,a and η DM,b ) and the Euler angles ψ, θ and φ -following Suto (2003, 2004) , we recover the gravitational potential and two-dimensional surface mass Σ (Equation 32) of a dark haloe with such triaxial density profile -we solve the generalised HE equation, i.e. including the non-thermal pressure P nt (Equation 26), for the density of the IC gas sitting in the gravitational potential well previously calculated, in order to infer the theoretical three-dimensional temperature profile T -we calculate the SZ temperature decrement map ∆T (ν) (Equation 30 ) and the surface brightness map S X (Equation 29) related to the triaxial ICM haloe -the joint comparisons of T with the observed temperature, of S X with the observed brightness image, of ∆T (ν) with the observed SZ temperature decrement, and of Σ with the observed two-dimensional mass map give us the parameters of the triaxial ICM and DM density model.
ICM & DM Triaxial Haloes
We describe the DM and ICM as ellipsoids oriented in an arbitrary direction on the sky. We introduce two Cartesian coordinate systems, x = (x, y, z) and x ′ = (x ′ , y ′ , z ′ ), which represent respectively the principal coordinate system of the triaxial dark haloe and the observer's coordinate system, with the origins set at the centre of the haloe. We assume that the z ′ -axis points along the line of sight direction of the observer and that the x ′ , y ′ axes identify the directions of West and North, respectively, on the plane of the sky. We also assume that the x, y, z-axes point along the minor, intermediate and major axes, respectively, of the DM haloe. We define ψ, θ and φ as the rotation angles about the x, y and z axis, respectively (see Figure 1) . Then the relation between the two coordinate systems can be expressed in terms of the rotation matrix M as Fig. 1 The orientations of the coordinate systems. The Cartesian axes (x, y, z) represent the DM and ICM haloe principal coordinate system while the axes (x ′ , y ′ , z ′ ) represent the observer's coordinate system with the z ′ -axis aligned with the line of sight (l.o.s.) direction. We define ψ, θ and φ as the rotation angles about the x, y and z axes, respectively. The labels N and W indicate the position of the North and West, respectively, on the plane of the sky.
where # denotes matrix multiplication and M represents the orthogonal matrix corresponding to counter-clockwise/right-handed rotations Mx(ψ), My(θ), Mz(φ) with Euler angles ψ, θ, φ, and it is given by: Figure 1 represents the relative orientation between the observer's coordinate system and the haloe principal coordinate system.
In order to parametrise the cluster mass distribution, we consider a triaxial generalised Navarro, Frenk & White model (gNFW, e.g. Jing and Suto 2002) :
where Rs is the scale radius, δc is the dimensionless characteristic density contrast with respect to the critical density of the Universe ρc,z at the redshift z of the cluster, and γ represents the inner slope of the density profile; ρc,z ≡ 3H(z) 2 /8πG is the critical density of the universe at redshift z, Hz
where c 200 ≡ R 200 /Rs is the concentration parameter, with (Wyithe et al. 2001) :
The radius R can be regarded as the major axis length of the iso-density surfaces:
We have previously defined η DM,a = a/c and η DM,b = b/c as the minor-major and intermediate-major axis ratios of the DM haloe, respectively. The gravitational potential of a dark haloe with the triaxial density profile (Equation 20) can be written in terms of complex implicit integrals (Binney and Tremaine 1987) . While numerical integration is required in general to obtain the triaxial gravitational potential, Lee and Suto (2003) 
with u ≡ r/Rs, C 0 = 4πGδcρc(z)R 2 s , and the three functions, F 1 (u), F 2 (u), and F 3 (u) have been defined in Morandi et al. (2010) , e b (ǫ b ) and ec (ǫc) are the eccentricity of DM (IC gas) with respect to the major axis (e.g. e b = 1 − (b/c) 2 ).
The work of Lee and Suto (2003) showed that the iso-potential surfaces of the triaxial dark haloe are well approximated by a sequence of concentric triaxial distributions of radius R icm with different eccentricity ratio. For R icm a similar definition as for R holds (Equation 23), but with eccentricities ǫ b and ǫc. Note that ǫ b = ǫ b (e b , u, γ) and ǫc = ǫc(ec, u, γ), unlike the constant e b , ec for the adopted DM haloe profile. In the whole range of u, ǫ b /e b (ǫc/ec) is less than unity (∼ 0.7 at the centre), i.e., the intracluster gas is altogether more spherical than the underlying DM haloe (see Morandi et al. (2010) for further details).
The iso-potential surfaces of the triaxial dark haloe coincide also with the isodensity (pressure, temperature) surfaces of the intracluster gas. This is simply a direct consequence of the X-ray shape theorem (Buote and Canizares 1994) ; the HE equation (26) yields
4.2 X-ray, SZ and lensing equations
For the X-ray analysis we rely on a generalisation of the HE equation , which accounts for the non-thermal pressure P nt and reads:
where ρgas is the gas mass density, Φ is the gravitational potential, P tot = P th + P nt . We implemented a model where P nt is a fraction of the total pressure P tot , and we set this fraction to be a power law with the radius (Shaw et al. 2010) :
Note that X-ray data probe only the thermal component of the gas P th = ne kT , k being the Boltzmann constant. From Equations (26) and (27) we point out that neglecting P nt (i.e. P tot = P th ) systematically biases low the determination of cluster mass profiles. This effect increases at larger radii, where the contribution of the gas motion is larger. Given that Equation (26) is a first order differential equation, we need a boundary condition on the pressure,P , which represents the pressure at R 200 , and it is an unknown parameter to be determined.
To model the electron density profile in the triaxial ICM haloe, we use the following fitting function, which corresponds to a simplified version of the function given by Vikhlinin et al. (2006a) :
with parameters (n 0 , rc 1 , ε, δ, rc 2 , υ). We computed the theoretical three-dimensional temperature T by numerically integrating the equation of the HE (Equation 26), assuming triaxial geometry and a functional form of the gas density given by Equation (28).
The observed X-Ray surface brightness S X is given by:
where Λ(T * proj , Z) is the cooling function. Since the projection on the sky of the plasma emissivity gives the X-ray surface brightness, the latter can be geometrically fitted with the model ne(R icm ) of the assumed distribution of the electron density (Equation 28) by applying Equation (29). This has been accomplished via simulated Chandra spectra, where the current model is folded through response curves (ARF and RMF) and then added to a background file, and with absorption, temperature and metallicity measured in that neighbouring ring in the spectral analysis. In order to calculate Λ(T * proj , Z), we adopted a MEKAL model for the emissivity.
The thermal SZ effect is expressed as a small variation in the temperature ∆T (ν) of the CMB as a function of the observation frequency:
where σ T is the Thomson cross-section, Pe(r) ≡ ne(r) k Te(r) is the pressure of the electrons of the ICM at the volume element of coordinate r, k is the Boltzmann constant, and T cmb = 2.725 K. f (ν; T (r)) takes into account the spectral shape of the SZ effect and it reads:
f (ν; T (r)) = (x e x + 1
where x = hν/kT cmb accounts for the frequency dependence of the SZ effect, and for the relativistic corrections related to the term o f (x, T ) (Itoh et al. 1998) . Note that in Equation (30) we account for the implicit dependence of f (ν; T (r)) on the radius. Next, the two-dimensional SZ model ∆T (ν) is convolved with the instrumental point-spread function and the measured transfer function. In practise, the transfer function convolution is performed via multiplication in the Fourier domain. This filtering significantly reduces the peak decrement of the cluster and creates a ring of positive flux at r ∼ 2 arcmin. This filtered model is then compared to the observed SZ temperature decrement map. We also calculated the noise covariance matrix C among all the pixels of the observed SZ temperature decrement map through 1000 jackknife realisations of our cluster noise. In this perspective we assumed that the noise covariance matrix for SZ data is diagonal, as this was shown to be a good assumption in Sayers et al. (2011a) .
For the lensing analysis the two-dimensional surface mass density Σ can be expressed as:
We also calculated the covariance matrix C among all the pixels of the reconstructed surface mass (see for further details).
Joint X-ray+SZ+Lensing Analysis
The probability distribution function of model parameters has been evaluated via Markov Chain Monte Carlo (MCMC) algorithm, by using as proposal density a likelihood L and a standard method for rejecting proposed moves. This allows to compare observations and predictions, and to infer the desired physical parameters. The likelihood has been constructed by performing a joint analysis for lensing and X-ray/SZ data. More specifically, the system of equations we simultaneously rely on in our joint X-ray + SZ + lensing analysis is:
T (c 200 , Rs, γ, η DM,a , η DM,b , ψ, θ, φ, n 0 , rc 1 , ε, δ, rc 2 , υ, ξ, n,P ) S X (c 200 , Rs, γ, η DM,a , η DM,b , ψ, θ, φ, n 0 , rc 1 , ε, δ, rc 2 , υ) ∆T (c 200 , Rs, γ, η DM,a , η DM,b , ψ, θ, φ, n 0 , rc 1 , ε, δ, rc 2 , υ, ξ, n,P )
where the parameters c 200 (concentration parameter), Rs (scale radius), γ (inner DM slope), η DM,a (minor-major axis ratio), η DM,b (intermediate-major axis ratio), and ψ, θ, φ (Euler angles) refer to the triaxial DM haloe (Equation 20); the parameters n 0 , rc 1 , ε, δ, rc 2 , υ refer to the IC gas density (Equation 28); ξ, n (normalisation and slope, respectively) refer to the non-thermal pressure (Equation 27 ); andP to the pressure at R 200 , which is a boundary condition of the generalised HE equation (Equation 26).
In this triaxial joint analysis the three-dimensional model temperature T is recovered by solving equation (26) and constrained by the observed temperature profile; the surface brightness is recovered via projection of the gas density model (Equation 29 ) and constrained by the observed brightness; the SZ signal is deduced via projection of the three-dimensional pressure (Equation 30 ) and constrained by the observed SZ temperature decrement; and the model two-dimensional mass density Σ is recovered via Equation (32) and constrained by the observed surface mass density.
Hence the likelihood L ∝ exp(−χ 2 /2), and χ 2 reads: 
T * proj,i being the observed projected temperature profile in the ith circular ring and T proj,i the azimuthally-averaged projection (following Mazzotta et al. 2004 ) of the theoretical three-dimensional temperature T ; the latter is the result of solving the HE equation, with the gas density ne(R icm ).
For the X-ray brightness, χ 2 x,S reads:
with S X,i and S * X,i theoretical and observed counts in the ith pixel of the jth image. Given that the number of counts in each bin might be small (< 5), then we cannot assume that the Poisson distribution from which the counts are sampled has a nearly Gaussian shape. The standard deviation (i.e., the square-root of the variance) for this low-count case has been derived by Gehrels (1986) :
which has been proved to be accurate to approximately one percent. Note that we added background to S X,i as measured locally in the brightness images, and that the vignetting has been removed in the observed brightness images. For the SZ (lensing) constraint D, the χ 2 D contribution is:
where C is the covariance matrix of the two-dimensional SZ temperature decrement (projected mass density), D * are the observed measurements of the two-dimensional SZ temperature decrement (projected mass density) in the ith pixel, and D is the theoretical 2D model. Errors on the individual parameters have been evaluated by considering average value and standard deviation on the marginal probability distributions of the same parameters.
So we can determine the physical parameters of the cluster, for example the 3D temperature T , the shape of DM and ICM, just by relying on the generalised HE equation and on the robust results of the hydrodynamical simulations of the DM profiles. In Fig. 2 we present an example of a joint analysis for T , S X , ∆T (ν) and Σ: for S X , ∆T (ν) and Σ the 1D profile has been presented only for visualisation purpose, the fit being applied on the 2D X-ray brightness/SZ/surface mass data. Note that in the joint analysis both X-ray, SZ and lensing data are well fitted by our model, with a χ 2 red = 1.04.
Limitations
The BCG: The centre of galaxy clusters is usually populated by a bright central galaxy (BCG). Actually, the BCG has an influence on the formation of multiples images (Meneghetti et al. 2003; Donnarumma et al. 2011) , and the physical processes taking place in the BCG substantially influence the X-ray gas (Gitti et al. 2012 ). In the triaxial framework described in this Section, we have removed the central 25 kpc of the data in the joint analysis, to avoid the contamination from the BCG. However, modelling properly the BCG contribution is essential in order to probe the dark matter distribution in the very centre.
In galaxy cluster Abell 1703, the strong lensing analysis by takes into account the stellar contribution of the BCG in a parametric mass modelling aimed at constraining the underlying smooth dark matter component distribution, in particular the inner slope of the dark matter distribution.
A more advanced approach which requires high quality spectroscopic data is to combine lensing observations with the stellar kinematics of the BCG (Sand et al. 2002 (Sand et al. , 2004 (Sand et al. , 2008 Newman et al. 2011 Newman et al. , 2012a Newman et al. ,2012b . These studies found density profiles shallower than canonical NFW models at radii < 30 kpc, comparable to the effective radii of the BCG.
Numerical simulations by Dubinski (1998) suggested that the measured velocity dispersion profile strongly depends on the line of sight, where the central value peaks between 300 and 450 km s −1 depending on the considered line of sight. However, recent observations do not confirm this claim. In the sample of 7 massive strong lensing clusters studied by Newman et al. (2012a) , the observed velocity profiles display a very homogeneous shape which are mutually consistent. Similar conclusions is reached within the SAURON project (Cappellari et al. 2007 ), which found that in giant slowly/non rotating ellipticals (including BCGs), the average shape of the velocity ellipsoid does not differ by more than ∼ 10 per cent from a spherical shape.
The gas mass component: When studying the dark matter distribution, we did not subtract the mass contribution from the X-ray gas to the total mass. Nevertheless, the contribution of the gas to the total matter is small: the measured gas fraction is 0.06-0.07 in the spatial range 30-400 kpc, and the slope of the density profile is very similar to that of the DM beyond a characteristic scale ∼ 20-30 kpc, a self-similar property of Fig. 2 Example of the joint analysis for T , S X , ∆T (ν) and Σ, from Morandi et al. (2012b) . In the upper panel we display the two quantities which enter in the X-ray analysis (Equation 35 ): the observed spectral projected temperature T * proj,m (big points with errorbars) and the theoretical projected temperature T proj,m (diamonds). We also show the theoretical 3D temperature (solid line), which generates T proj,m through convenient projection techniques. In the second panel from the top we display the two quantities which enter in the X-ray brightness analysis (Equation 36): the observed surface brightness profile S * X (points with errorbars) and the theoretical one S X (solid line). In the third panel from the top we display the two quantities which enter in the SZ temperature decrement analysis (Equation 30): the observed SZ temperature decrement profile (points with errorbars) and the theoretical one ∆T (ν) (solid line). Both observed and theoretical SZ temperature decrement are convolved with the transfer function: note that this filtering significantly reduces the peak decrement of the cluster and creates a ring of positive flux at r ∼ 2 arcmin. In the lowest panel we display the two quantities which enter in the lensing analysis (Equation (38)): the observed surface mass profile Σ * (points with error bars) and the theoretical one Σ (solid line). Note that for surface brightness (surface mass) and the SZ data the 1D profile is presented for visualisation purpose only, the fit being applied on the 2D data. Moreover, for the surface brightness we plotted data referring to the observation ID 6880. The virial radius corresponds to a scale length on the plane of the sky of ∼ η DM,a · R 200 ≈ 2240 kpc. Fig. 3 Degeneracies between θ and ξ. θ represents the angle between the major axis of the haloe and our line of sight, and ξ is related to the amount of non-thermal component considered in the model. The solid (dashed) line represent the 1 (2)-σ error region, while the point represents the best fit value.
the gas common to cool core clusters (Morandi and Ettori 2007) , suggesting that the assumption to model the total mass as a gNFW is reliable. Similar conclusions have been reached by Bradač et al. (2008) and Sommer-Larsen and Limousin (2010).
Degeneracies & Priors
Degeneracies arise between the different parameters involved in the modelling. Fig. 3 presents the degeneracies expected between θ and ξ. θ represents the angle between the major axis of the haloe and our line of sight, and ξ is related to the amount of nonthermal component considered in the model. In Fig. 4 we present the joint probability distribution among different parameters in our triaxial model for Abell 1689.
Regarding the use of priors, we point out that, when combining complementary data sets as described in this Section, we do not need to rely on any priors like those discussed in Section 3. This is welcome since priors may be potentially biased due to our incomplete understanding of cluster physics. We aim to illustrate how spherical and triaxial modelling can lead to different haloe parameters. For this purpose, we focus on galaxy cluster Abell 1689 which has been extensively studied at different wavelengths. Abell 1689 is a massive galaxy cluster at redshift 0.18 with a very large Einstein radius, around 45
′′ for a source redshift ∼ 2. Before going into detail, we would like to emphasise the complexity of this structure and try to justify why we treat such a complicated structure using a single mass clump. Lokas et al. (2006) used spectroscopic redshifts to study the kinematics of about 200 galaxies in the cluster. They showed that the cluster is probably surrounded by a few structures aligned along the line of sight. Czoske (2004) reported redshifts for 525 galaxies, spanning from the centre outward to 3h −1 Mpc. They found only one apparently distinct group of galaxies that lies about 350 kpc to the northeast of the cluster centre. It corresponds to a group of bright galaxies well identified in optical images of this cluster. All strong lensing studies have taken into account the gravitational perturbation it generates, but its contribution to the total mass budget is found to be small. The redshift distribution of these galaxies is skewed toward slightly higher redshifts. On larger scales (R > 1h −1 Mpc), no evidence for any substructures is found: the outskirts of Abell 1689 look rather homogeneous. However, deep X-ray observations obtained with Suzaku (Kawaharada et al. 2010 ) reveal anisotropic gas temperature and entropy distributions in the cluster outskirts.
If Abell 1689 appears as a complex structure, the main mass clump seems to be dominant in the mass budget: all strong lensing studies find the mass centre to coincide with the brightest cluster galaxy, which also coincides with the peak of the circular X-ray emission (Lemze et al. 2008) . Besides, deep Chandra data have revealed the presence of a cool core (Riemer-Sørensen et al. 2009 ).
Spherical Analysis: the Abell 1689 Puzzle
While it has been proposed as a standard example of a relaxed object in hydrostatic equilibrium, Abell 1689 has been the subject of some controversies. To summarise, as long as spherical symmetry has been assumed, this cluster has been problematic in two ways:
-High concentration parameters (up to ∼ 30) have been derived from lensing analyses. These large values represent a major inconsistency with the theoretical ΛCDM expectations (c ∼ 3 − 4, Neto et al. 2007; Duffy et al. 2008 ). -The 2D mass derived from X-ray data is only half of the mass found using SL estimates.
In the following, we discuss these two points and then we turn to triaxial models and how they have allowed to resolve these issues.
The concentration parameter of Abell 1689 has been constrained extensively by different authors, finding very different results. In weak lensing analyses, first studies reported c 200 = 4.8 (King et al. 2002) ; 3.5 +0.5 −0.3 (Bardeau et al. 2005) , but these analyses likely suffered from dilution of the inner shear profile by foreground cluster members. On the other hand, very high concentrations were also inferred from weak lensing analyses based on Subaru data: c 200 =30.4 (Halkola et al. 2006) ; 22.1 +2.9 −4.7 (Medezinski et al. 2007) . Using the same Subaru data but a different algorithm, other authors reported a smaller concentration parameter, between 10 and 15 (Umetsu et al. 2009 . Weak and strong lensing analyses converged to: c 200 =7.9 (Clowe 2003); 7.6 +0.3 −0.5 (Halkola et al. 2006) ; 7.6±1.6 ), values which are still high compared to the theoretical expectations. Actually, only a few haloes formed in the Millennium simulation could reach this value (Neto et al. 2007) . These values where found in agreement with X-ray analyses: c 200 = 7.7 +1.7 −2.6 (Andersson and Madejski 2004); 6.6 ± 0.4 (Peng et al. 2009 ).
Besides the large variance in the concentration parameter, these studies agree on the fact that the mass derived from X-ray measurement is half of that found from strong gravitational lensing at most radii (see also Lemze et al. 2008) . Riemer-Sørensen et al. (2009) showed that this discrepancy is reduced if we exclude a cool clump plus some substructure in the North-Eastern part of the cluster; nevertheless a discrepancy still remains in the strong lensing region.
A way to reconcile the mass derived from X-ray and lensing measurement within a spherical mass distribution is to add the contribution from non-thermal pressure. In the case of Abell 1689, Molnar et al. (2010) found a contribution of about 40%. This is larger than the theoretical expectations by (Shaw et al. 2010 ) but consistent with the set of simulations by Molnar et al. (2010) .
Triaxial Models: Solving the Puzzle
Oguri et al. (2005), using a triaxial mass model, found that weak lensing measurements in Abell 1689 based on Subaru data are indeed compatible with ΛCDM if Abell 1689 represents a rare population (∼ 6% by number) of cluster-scale haloes. Corless et al. (2009) constrained the triaxial shape of the total mass distribution of Abell 1689 via weak lensing data and under a range of Bayesian priors derived from theory, though large errors accompany their triaxial parameter estimates. Morandi et al. (2011a) presented the determination of the intrinsic shapes and the physical parameters of both DM and ICM in Abell 1689 by combining X-ray and strong lensing data. They showed that Abell 1689 can be described as elongated along the line of sight, with a minor-major principal axis ratio equal to 0.42 ± 0.02. They assumed that the triaxial ellipsoid is oriented along the line of sight, an assumption justified in light of the "orientation bias" of strong lensing clusters (see Section 3.2). A subsequent re-analysis of , by jointly analysing also weak lensing data and accounting for the non-thermal pressure of the IC gas, strengthened the view of a triaxial cluster elongated along the line of sight, though a bit larger value of the minormajor principal axis ratio has been inferred (0.50 ± 0.01). Besides, it was shown in this work that the large Einstein radius observed was reproduced by a triaxial model with ΛCDM friendly parameters. In the present review we extend these previous works, by allowing the DM and ICM ellipsoids to be oriented in an arbitrary direction on the sky (see Section 4 for further details). Our work indicates that Abell 1689 is a triaxial galaxy cluster with DM haloe axial ratios η DM,a = 0.56±0.07 and η DM,b = 0.75±0.08, c 200 = 5.27 ± 0.46, and with the major axis slightly inclined with respect to the line of sight of θ = 27.3 ± 7.1 deg, in agreement with the predictions of Oguri and Blandford (2009) . Sereno and Umetsu (2011) developed a method for a three-dimensional analysis of the DM haloe via SL and WL data. They re-analysed the weak lensing convergence map of A1689 obtained by Umetsu and Broadhurst (2008) and Umetsu et al. (2009) on wide-field (∼ 30 ′ × 24 ′ ) Subaru data of A1689. For strong lensing, they employed a parametric lensing analysis method based on the gravlens kernel evaluation of χ 2 SL values (Keeton 2001a (Keeton ,2001b . The SL likelihood values were computed by comparing observed to predicted image positions. Several priors were considered. For the axial ratios η DM,a and η DM,b , they considered either the N -body predictions or a flat distribution. For the alignment angle θ, they considered either the biased distribution for p(θ) (see Equ. 12) or a random distribution. For the azimuthal angle they always used a random flat distribution. For the mass, they always used a flat prior p(M 200 ) = const., whereas the a priori PDF for the concentration was flat in the range 0 < c 200 ≤ 30 and null otherwise. The theoretical c(M ) relation from Duffy et al. (2008) was either enforced or neglected.
Whatever the assumptions on either orientation or shape, the concentration is a bit larger but still compatible with theoretical predictions (Fig. 5 ). A1689 appears to be a quite typical massive cluster with a concentration in agreement with the tail at large values of the expected population of clusters of that given mass. Independently of the priors, the inferred c 200 are only ≥ 1σ away from the predicted median value. Priors from N -body simulations also help to put an upper bound on the concentrations.
Mildly triaxial haloes do a better job in fitting data than nearly spherical lenses. Values of 0.4 ≤ η DM,a ≤ 0.8 are more likely than either extremely triaxial or nearly spherical shapes. Triaxial shapes predicted by N -body simulations are in good agreement with these results. Axial ratios derived assuming a flat distribution are compatible at 1σ confidence level with predictions from N -body simulations. Furthermore, they can exclude nearly spherical shapes (η DM,a ∼ η DM,b ∼ 1) at the 3σ confidence level. Finally, they find indications for an orientation bias. Fig. 6 2D mass enclosed within a circular aperture of radius R from lensing data (points with error bars), from an X-ray only analysis under the assumption of spherical geometry (solid line with the 1σ error grey shaded region), and from a joint X-ray+lensing analysis taking into account the 3D geometry (dot-dashed line with the 1σ error cray shaded region). In this latter case, we see that both estimates agree with each other. (Result from Morandi et al. 2011a , but updated within the full triaxial framework presented in Section 4).
The minor-major axis ratio is found in agreement with the findings by , confirming a triaxial shape; yet, the value of the concentration parameter (c 200 = 7.3 ± 0.8) is a bit larger than the values presented in this review (Table 1) .
Regarding the mass discrepancy, the triaxial model proposed by , as well as its extension presented in this review, is able to solve the Xray/lensing mass discrepancy. We plot in Fig. 6 the comparison between the 2D masses inferred from X-ray and lensing under spherical and triaxial models.
We have illustrated that a triaxial mass model for Abell 1689 is able to reconcile mass estimates from different probes, as well as to reproduce the large Einstein radius using ΛCDM friendly parameters. It is worth noting that the value of the inner slope of the dark matter density profile, γ, also depends on the adopted geometry. Considering Abell 1689, a standard spherical modelling leads to γ = 1.16 ± 0.04, whereas we find γ = 0.92 ± 0.07 using a triaxial mass model (Table 1) .
The ICM Properties in a Triaxial Framework
The ICM of Abell 1689 within a triaxial model has also been the subject of interest.
De Filippis et al. (2005) and Sereno et al. (2006) investigated the ICM shape by combining X-ray and SZ observations. Given the data sets used (in particular, the absence of lensing data), error bars were pretty large and a wide range of geometries was possible: they concluded that these data sets are compatible both with a prolate and an oblate shape.
More recently, Sereno et al. (2012) implemented some significant improvements by using Bayesian inference to determine the intrinsic form: i) The method was still parametric but did not rely anymore on the simple isothermal β model for the X-ray data. The employed profiles can mimic complex features in either the electronic density or the temperature profile for the X-ray data. ii) Instead of the central Compton parameter y 0 , they considered the more reliable integrated Compton parameter. iii) Even if astronomical deprojection is an under-constrained problem (Sereno 2007) , Sereno et al. (2012) could infer the 3D structure of the cluster using a Bayesian method without assuming any specific configuration. On the other hand in De Filippis et al. (2005) and Sereno et al. (2006) , the 3D distribution was assumed to be either triaxial and aligned with the line of sight or prolate or oblate.
This method was applied to Abell 1689, where SZ and X-ray observations cover in detail a region R ≤ 1 Mpc. The 3D electron density and temperature were modelled with parametric profiles. Distributions were assumed to be coaligned and ellipsoidal, with constant eccentricity and orientation. Intrinsic profiles were taken from Vikhlinin et al. (2006b) , and Ettori et al. (2009) . The metallicity was fixed to the mean observed value. The elongation e ∆ enters when 3D profiles are projected into the plane of the sky, so that fitting at once X-ray surface brightness, temperature, and the integrated Compton parameter, one can infer e ∆ as well as the parameters describing the distribution.
The combined X-ray plus SZ analysis allows to infer the width of the cluster in the plane of the sky (parametrised in terms of the ellipticity ǫ) and its size along the line of sight (expressed as the elongation e ∆ ). These two observational constraints have to be used to infer the intrinsic shape of the cluster and its orientation. Sereno et al. (2012) found a minor to major axial ratio for the ICM of 0.7±0.15, preferentially elongated along the line of sight. The hydrostatic equilibrium is not involved in their analysis since they do not derive the mass of the cluster. This value of the axis ratio is in good agreement with the one inferred by (assuming generalised hydrostatic equilibrium), who quoted a ratio for the ICM between 0.66 and 0.77 (since the method includes a radial variation of the axial ratios). This suggests that both approaches are consistent, and that the ICM in Abell 1689 is not far from being in hydrostatic equilibrium. Note that Sereno et al. (2012) use XMM data for the temperature, whereas use a Chandra temperature, which is lower than the XMM temperature by 10-20% due to calibration reasons.
It is worth noting that several processes like radiative cooling and turbulences are affecting the shape of the gas distribution more than the dark matter shape.
Overview of the Present Results on Clusters Triaxiality
So far, four clusters have been studied within the full triaxial framework described in Section 4: MACS 1423, Abell 1689, Abell 383, and Abell 1835. The results published for MACS 1423 (Morandi et al. 2010) and Abell 1689 (Morandi et al. 2011a were derived using a triaxial model where the haloe's major axis was aligned with our line of Table 1 Best-fit model parameters for the four clusters for which a full triaxial modelling exists. Error bars correspond to 1σ confidence level. The lines 1 − 8 refer to the best fit parameters of the DM haloe: c 200 (concentration parameter), Rs (scale radius), γ (inner DM slope), η DM,a (minor-major axis ratio), η DM,b (intermediate-major axis ratio), and ψ, θ, φ (Euler angles). The lines 9 − 14 refer to the best fit parameters n 0 , rc 1 , ε, δ, rc 2 , υ of the IC gas density, while the lines 15 − 16 to the best fit parameters ξ, n (normalisation and slope, respectively) of the non-thermal pressure. Finally, the last line refers to the best fit parameter P of the pressure at R 200 , which is a boundary condition of the generalised HE equation (see relevant Equations in Section 4). Note that only in the case of Abell 1835 all these parameters are constrained. This is due to the inclusion of SZ data.
Cluster
Abell 1835 
sight. Since then, the algorithm was improved and we report the results for MACS 1423 and Abell 1689 derived using the full triaxial framework. Results of the parameters for each cluster are given in Table 1 . As discussed in the relevant papers, the parameters obtained through a triaxial model can be very different from the one obtained through a spherical model. In particular, regarding the concentration parameter, similar to what has been found for Abell 1689, lower values are inferred within a triaxial framework. Shown on Fig. 7 are some key properties of these four clusters: the inner slope of the dark matter density profile, and the masses and concentrations. The comparison with results from numerical simulations will be discussed in Section 6.1.
Discussion

(Limited) Comparison with Simulations
The parameters of a triaxial model obtained for galaxy clusters are to be compared to results from numerical simulations in order to test cosmological models. Such compar- Fig. 7 Properties of the four clusters studied within the full triaxial framework described in Section 4. Left: inner slope of the dark matter density profile. Right: Masses and concentrations.
Results from ΛCDM based simulations (Neto et al. 2007; Duffy et al. 2008; Prada et al. 2012) are shown. Error bars correspond to 1σ confidence levels. We caution that this comparison can be misleading since results from numerical simulations are based on a spherical assumption.
isons are routinely performed in the spherical case. In order to build a density profile, simulators usually do a spherical fit to their elongated profiles: they determine the enclosed mass or density assuming spherical symmetry even though the haloes are found to be triaxial and asymmetric (Section 1.1). Since triaxial analyses will have a growing importance on the observational side in the future, we advocate the need for simulations to be analysed within a triaxial framework, allowing reliable and meaningful comparisons. Actually, the bias induced by fitting a spherical analytic formula to an elongated mass profile should be compared to the intrinsic scatter in the concentration of NFW haloes.
Having stressed the possible limitations of comparing the triaxial observational results with spherical numerical results, we can go back to Fig. 7 where some key properties of four clusters studied within a full triaxial framework are presented: the inner slope of the dark matter density profile, and the masses and concentrations. (Spherical) theoretical expectations (Neto et al. 2007; Duffy et al. 2008; Prada et al. 2012) are shown on top of the triaxial results.
Regarding inner slopes, one should keep in mind that, from the theoretical side, numerical simulations did not converge on a proper treatment of the baryonic component which is a difficult task. In this respect, when the baryonic component is taken into account, different simulations infer either a steepening or a flattening of the dark matter inner density profile (see the revue on cluster cores in this volume).
We have mentioned that simulations do not provide the relevant material to compare triaxial results to theoretical expectations. Moreover, as far as massive haloes are concerned, statistic is poor. argued that the probability distribution of the concentration parameter for very massive haloes (larger that 10 15 M ⊙ ) and its redshift evolution had not been studied with great statistics by N-body simulations. It is worth noting that this statement also applies to extreme axis ratios in different mass and redshift bins. Therefore, we rely on extrapolations from smaller haloes. More reliable theoretical predictions at the high mass end are needed. Recently, Prada et al. (2012) argued that previous simulation works underestimated the mean concentration at the high mass end and find an upturn in the (c,M) relation. Bhattacharya et al. (2011) , in their analysis of an even larger simulation, find no evidence for such an upturn but they do find a (c,M) relation that differs in normalisation and shape from previous studies that have limited statistics in the upper mass range. Moreover, as already mentioned earlier, this upturn may be due to the inclusion of dynamically disturbed merging clusters (Ludlow et al. 2012 ).
The situation is changing and the most recent simulations contain a few hundreds of such haloes. For example, , based on the Millenium-XXL dark matter only simulation, reported 464 haloes more massive than 2×10
15 M ⊙ , in agreement with analytical calculations (see, e.g. Mortonson et al. 2011 ).
Another difficulty is that the expected abundance of massive haloes strongly depends on the algorithm used to find them. show that this abundance changes by a factor of ∼ 2 when Friends-of-Friends (Davis et al. 1985) selected subhaloes and self-bound subhaloes are compared. They argue this is in part a consequence of large haloes not forming an homogeneous population. Indeed, clusters displaying similar virial masses present a considerable diversity in shape, concentration, and amount of substructure.
To draw reliable conclusions regarding the properties of clusters and their evolution with cosmic time, we would need to study within a triaxial framework a large number of (massive) galaxy clusters. These results should be compared to predictions from simulations inferred within a triaxial framework.
On Which Scales do we Measure Triaxiality?
The scale on which a triaxial model is constrained depends on the data sets used. In the case of Abell 1835, the triaxial model has been constrained up to the virial radius thanks to the inclusion of SZ data. This question is linked with the following one: out to which radius do we have observational data with a sufficiently high signal to noise ratio? Strong lensing is limited to the very central part of a galaxy cluster. Regarding X-ray data obtained with current facilities, one can expect to reach R 500 . Regarding weak lensing, beyond R 500 , the signal to noise ratio becomes small, and the lensing signal estimated for a single cluster is likely to be dominated by mass not associated with this cluster, either correlated or uncorrelated ). This question is also relevant when we compare with triaxial parameters measured on simulated clusters. Ideally, we aim to compare measurements performed on the same scales.
6.3 Implementing Triaxiality in the Mass Distribution or in the Gravitational Potential?
There are two possible approaches when introducing a triaxial model for a galaxy cluster: one can either implement triaxiality directly in the mass distribution, or in the gravitational potential.
An ellipsoidal mass distribution generates isopotential surfaces which are approximated by concentric ellipsoids of decreasing axial ratio towards the outer volumes, and not of constant shape. Vice versa, if the potential is described by a triaxial ellipsoid, then the mass distribution giving birth to this potential will not be described by a triaxial ellipsoid.
Both approaches have their advantages and inconveniences and have been followed by different authors.
A Triaxial Mass Distribution
We have discussed in the introduction that the DM distribution behaves as an ellipsoid, being collisionless and dominating in term of mass. The dynamics of the gas (which is the second largest contribution to the mass after the DM) should be driven by the gravitational potential well of the DM. Therefore, it seems well motivated to implement triaxiality in the mass distribution as proposed in Section 4, being aware that it has its own limitations.
Recent investigations of galaxy scale dark matter haloes forming in the Aquarius simulation show that the shape of a haloe depends strongly on its environment, the time at which we consider it, and the radius at which we measure its shape (Vera-Ciro et al. 2011) . At redshift 0, haloes exhibit a variation from prolate in the inner regions to triaxial/oblate in the outskirts, which clearly complicates the modelling. If these results are derived for galaxy scale dark matter haloes, we can expect that some of these complications also arise for cluster scale dark matter haloes. Indeed, Muñoz-Cuartas et al. (2011) found that the asphericity is more pronounced in the haloe's central region (i.e. for radii smaller than 30% of the virial radius). However, internal regions are more likely to be affected by baryonic physics and therefore the inclusion of baryons is needed in order to draw more quantitative conclusions.
It is worth noting that models which involve a gravitational potential generated by an ellipsoidal mass distribution are computationally expensive. Humphrey (2011a,2011b ) investigated a different type of model where the potential, rather than the underlying mass distribution, is an ellipsoid of constant shape and orientation. They inferred analytical formulae for galaxy clusters with triaxial potential. These triaxial models themselves lead to a straightforward generalisation of analytic spherical models, and hence they are computationally fast.
A Triaxial Potential
In a similar fashion, Sereno et al. (2012) modelled the gas density distribution as ellipsoid of constant shape and orientation. Note that they did not make any assumption about the equilibrium of the gas.
There is both observational and theoretical work suggesting that this modelling has its limitations and which shows that the gas distribution follows isopotential surfaces approximated by concentric ellipsoids of decreasing axial ratio towards the outer volumes Canizares 1994, 1996; Lee and Suto 2003; Hayashi et al. 2007; Morandi et al. 2010; Kawahara 2010; Deb et al. 2012) .
So ?
It appears that, when the accuracy of the simulations or the observations increases, none of the mass distribution nor the potential can be rigorously described by a triaxial model. Indeed, Deb et al. (2012) showed in Abell 1689 that the axial ratio of both the DM and the ICM is not strictly constant with radius.
It is worth noting that, in Abell 1689, Morandi et al. and Sereno et al. , using different modelling approaches find results for the shape of the ICM in pretty good agreement, which proves that both approaches are consistent and deserve additional investigation (see comparison in Section 5).
Large Einstein Radii & the Overconcentration Problem
The first claim regarding the fact that large Einstein radii may be a problem for the ΛCDM scenario was made by Broadhurst and Barkana (2008a) . This claim was very constructive since it led to a number of interesting studies investigating if strong lensing clusters were over-concentrated with respect to theoretical expectations, and if the large Einstein radii observed for some extreme clusters were challenging the ΛCDM scenario. The problems of large Einstein radii and of overconcentrated clusters are somehow linked to each other: a very elongated haloe with its major axis aligned along the line of sight can lead to a highly concentrated projected surface mass density profile resulting in a large tangential critical curve, hence a large observed Einstein radius. studied the mass profiles of four clusters by combining strong and weak lensing data. The mass profiles were found to be well described by an NFW profile. They found values for the concentration parameter that are slightly higher than the ΛCDM predictions, even after taking into account the lensing bias which includes the projection effect. Taking into account the error bars they derived, the value of the concentration for each cluster is marginally consistent with theory, and the excess is not so strong compared to earlier claims. Then they add to their sample six clusters from the literature which have strong plus weak lensing analyses available. Considering the 10 clusters, they claim a 7σ excess of the concentration parameter compared with the ΛCDM predictions. conducted a weak lensing analysis of a sample of 30 X-ray luminous galaxy clusters and found a mean concentration c vir = 3.48 +1.65 −1.15 for clusters with M vir ∼ 10 15 h −1 M ⊙ , displaying no over-concentration. However, it is worth noting that the inclusion of strong lensing data is important for an unbiased value of the concentration parameter. Indeed, background galaxy catalogues may have an uncontrolled degree of contamination from unlensed cluster members. This will dilute the shear profile in the inner region and bias low the inferred concentration parameter. Sereno et al. (2010a) investigated the over-concentration problem on a sample of 10 strong lensing clusters. They derive which elongation along the line of sight is needed by the data in order to be compatible with the mass-concentration relation. Half of the clusters of their sample support the expectation from ΛCDM simulations, being triaxial haloes with a strong orientation bias. The other half would fit the mass-concentration relation only if they were characterised by a filamentary structure extremely elongated along the line of sight, which the authors consider very unlikely considering standard scenarios of structure formations. studied the mass distribution of 28 galaxy clusters using strong and weak lensing observations. The sample is made of clusters selected via their strong lensing properties: the Sloan Giant Arc Survey. They found the inferred massconcentration relation for these clusters to be in reasonable agreement with the simulations for very massive haloes (M vir ∼ 10 15 h −1 M ⊙ ). However, they found that the observed concentrations are much higher than theoretical expectations for less massive haloes (M vir ∼ 10 14 h −1 M ⊙ ), even after taking into account the mass dependence of the lensing bias.
We have seen that, even after accounting for projection biases, an over-concentration problem remains in some lensing clusters (see also Gralla et al. 2011) .
Another problem concerns the number of over-concentrated clusters one can find in a given survey. This is an open question worth investigating in detail. We have seen that Abell 1689 by itself does not pose a severe challenge to the ΛCDM model, but such high values of the concentration parameter appear to be common in the combined strong plus weak lensing analyses of massive clusters.
We now come back to the Einstein radius, which provides a relatively modelindependent measure of the mass density of a cluster core, and is observationally easier to infer than the concentration parameter. To date, the largest Einstein radius has been observed in MACS J0717.5+3745, hereafter MACS J0717 . Its effective Einstein radius was estimated to be 55±3" for a source redshift of z ∼ 2.5. claimed that the probability to find such a system in a ΛCDM Universe is very unlikely, of the order of 10 −7 . Recently, modeled the distribution function of the single largest measured value of the Einstein radius in a given cosmological volume based on a Monte Carlo approach. Results are fitted with the general extreme value distribution. They showed that the large Einstein radius in MACS J0717 does not exhibit tension with ΛCDM, even if they neglect the impact of dynamical merging which is clearly established for MACS J0717, and which would allow large Einstein radii more likely to be found ). This finding is at odds with the claims by , and we refer the reader to for a discussion of the difference of calculations between each studies. They concluded that, for an observed Einstein radius to challenge ΛCDM, one should observe Einstein radii larger than 100".
Besides, investigated the influence of triaxiality on the resulting extreme value distributions of the largest Einstein radii, and find that it is very sensitive to very elongated objects. In agreement with Oguri and Blandford (2009) , they confirm that the single largest Einstein radius has not necessarily its origin in the most massive clusters. Instead, triaxiality, together with the haloe orientation, has a stronger impact than the mass of the cluster itself.
Triaxiality & Self Interacting DM
The asphericity of galaxy cluster scale DM haloes demonstrates that the self-interaction of DM particles cannot be too large. Yoshida et al. (2000) investigated how the internal structure of dark haloes is affected if cold dark matter particles are assumed to have a large cross section for elastic collisions. It results in a cluster that is more nearly spherical at all radii compared to the collisionless case. More recently, and presented cosmological simulations with self-interacting dark matter (SIDM). They showed that the currently observed asphericity allow dark matter self-interaction cross section at least as large as σ/m = 0.1 cm 2 /g.
Dynamical Information
A spectroscopic campaign targeting cluster members is highly relevant when studying a galaxy cluster and its 3D geometry. Indeed, it can give us some clues about the dynamical state of the system. This is particularly relevant since the more relaxed and unimodal the cluster, the more legitimate to describe it with a single mass clump (whatever the geometry considered). For example, in the galaxy cluster Cl 0024, an apparently relaxed cluster in X-ray and lensing data sets, Czoske et al. (2001) discovered that this cluster is composed of two mass clumps aligned along the line of sight and argued that a high-speed collision had taken place (Czoske et al. 2002) .
Conclusions: Galaxy Clusters are not Triaxial
We have discussed that a triaxial model is clearly an important step forward to describe galaxy clusters more realistically than using a spherical model.
However, as any model, it has its own limitations we aim to mention. We have seen in Section 6.3 that, when looking at details, haloes exhibit departures from a simple triaxial geometry. Both observations and simulations show the presence of substructures which are not accounted for by a triaxial model for the galaxy cluster. If the substructures are small compared to the main cluster's haloe, then the triaxial approximation may be accurate enough. On the other hand, unrelaxed haloes often have shapes that are not adequately described by ellipsoids, making shape parameters ill-defined. Indeed, if there is no clear dominant haloe but a superposition of sub-haloes with comparable masses, the triaxial approximation may be questionable. For example, the high redshift MACS clusters ) which are found to be highly disturbed (Ebeling et al. 2004; Kartaltepe et al. 2008; Smith et al. 2009; Zitrin et al. , 2010 Mann and Ebeling 2011; ) are unlikely to be well described by a triaxial haloe, as proposed by Sereno and Zitrin (2012) . We note, however, that the latter study constitutes a step forward with respect to a spherical analysis. Therefore, we emphasise the fact that, in order to apply a triaxial mass model, one should concentrate on unimodal galaxy clusters with little substructures and as close as possible to virialization.
We have presented in this review results obtained in a triaxial framework for four strong lensing clusters. To draw serious conclusions regarding the clusters' properties and how they might evolve with time, or with any characteristic of the cluster, we need to study within a triaxial framework a sample of clusters as large as possible. Current cluster samples, which already have complementary data sets, can allow such an ambitious project to be started: the Local Cluster Substructure Survey (LoCuSS 1 ; the MAssive Cluster Survey (MACS Ebeling et al. 2001 ); the Clus- Guennou et al. 2010 Guennou et al. , 2012 3 .
As mentioned earlier, a triaxial model is still a simplification of what a galaxy cluster might be. It is not clear how departures from a strict triaxial geometry can bias results based on the assumption of a triaxial model. Actually, this ought to be tested using numerically simulated clusters: mock lensing, X-ray and SZ observations can be generated (e.g. Rasia et al. 2012) for galaxy clusters presenting different dynamical states, and analysed in the same way as observational data. Comparing the inferred triaxial parameters to those measured on the simulated haloes is essential to test the methods and to quantify how the presence of substructures and deviations from equilibrium can bias triaxial reconstructions. This pioneering work will also pave the road to more refined mass models beyond the triaxial framework.
